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ABSTRACT: We show analytically and with rigorous computa-
tional electrodynamics how inhomogeneous surface plasmon
polaritons (ISPPs) can be generated by refraction of ordinary
SPPs at metal−metal interfaces. ISPPs, in contrast with SPPs,
propagate and decay in different directions and can therefore
exhibit significantly different intensity patterns. Our analytical
arguments are based on a complex generalization of Snell’s law to
describe how SPPs moving on one metal surface are refracted at
an interface with a second, different metal surface. The refracted
waveform on the second metal is an ISPP. Under suitable circumstances the decay of an ISPP can be almost perpendicular to the
propagation direction, leading to significant confinement. It is also found that ISPPs on the second metal can retain information
about the SPPs on the first metal, a phenomenon that we term “dispersion imprinting”. The complex Snell’s law predictions are
validated with 3-D finite-difference time-domain simulations, and possible means of experimentally observing ISPPs are
suggested. The idea of ISPPs and how they result from refraction may expand the potential for designing the propagation and
dispersion features of surface waves in general, including surface phonon polaritons, surface magnons, and guided waves in
metamaterials.
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Surface plasmon polaritons (SPPs) are surface waves created
by coupling light into charge-density oscillations at a

metal−dielectric interface that allow optical energy and
information to be strongly confined to a two-dimensional
surface.1−7 Systems that permit the excitation of SPPs can
exhibit interesting and unexpected optical properties, including
extraordinary optical transmission8 and superlensing.9−11 Such
properties are relevant to a wide range of applications including
imaging and sensing12−16 and optoelectronics,17−20 so
controlling and manipulating SPP propagation is a major goal
of nanophotonics research.21,22

Because SPPs are exponentially confined both above and
below a surface, one can attempt to describe their motion using
classical optics ideas applied to the 2-D propagation plane.
SPPs have been shown experimentally to exhibit refraction
behavior when they propagate across an interface between two
metal/dielectric interfaces with differing optical properties.23,24

Negative refraction of SPP-dominated waveguide modes has
also been achieved.25 In this article, we analyze SPP refraction,
presenting and discussing implications of a complex general-
ization of Snell’s law to describe how SPPs propagating on one
metal surface are refracted at an interface with a second,
different metal surface. We find that the refracted waveform on
the second metal surface is an inhomogeneous wave, which we
term an inhomogeneous surface plasmon polariton (ISPP). The
characteristic feature of an ISPP is that its lines of constant

phase and amplitude are nonparallel; that is, its propagation
and decay directions are different. By contrast, ordinary SPPs
are homogeneous waves in the 2-D plane and are attenuated
exactly along their direction of propagation. (Of course
ordinary SPPs are evanescent above and below the metal
surface, i.e., perpendicular to their propagation direction, and in
this sense are trivially inhomogeneous.) We find that refraction
can be exploited to introduce significant confinement in ISPPs
without sacrificing propagation length. ISPPs propagating on
the second metal surface also exhibit properties that depend on
the angle of incidence and optical properties of SPPs on the
first metal surface. For example, ISPPs on the second metal can
exhibit different dispersion relations than ordinary SPPs on that
same metal. These dispersion relations can actually exhibit
features of the dispersion relations of ordinary SPPs on the first
metal surface. We term this effect “dispersion imprinting” since,
for example, the dispersion relation of an ISPP on an aluminum
surface, arising from refraction of an SPP on a gold surface, can
resemble the dispersion of ordinary SPPs on the gold surface.
Importantly, dispersion imprinting can allow the extension of
the SPP dispersion to frequencies higher than the ordinary
back-bending frequency, for example, by the conversion of a
radiative Brewster mode6 into a bounded SPP mode.
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In the remainder of this article, we develop the theory of
refraction of SPPs through a complex generalization of Snell’s
law (CSL). We show how this leads directly to the prediction of
ISPPs with atypical waveforms and the ability to exhibit
dispersion imprinting. We consider several concrete examples,
verifying the analytical CSL predictions with rigorous electro-
dynamics simulations. Finally, we point to ways of exper-
imentally observing ISPPs with leakage radiation micros-
copy.26,27

Refraction of 3-D plane waves in absorbing media has been
considered by several authors.28−33 Here we adapt the
particularly transparent treatment of Chang, Walker, and
Hopcraft33 to the case of 2-D SPP refraction at the boundary
between different metal surfaces. The system of interest
involves an SPP propagating on metal surface 1 that has
dielectric material 1 above it; it is reflected and refracted at the
interface with a metal surface 2 with dielectric 2 above it (see
Figure 1). The propagation of the SPPs on each surface can be
described with 2-D waveforms moving in the x−y plane of
Figure 1,

ω= · − tE E k rexp(i i )j j j0, (1)

where kj is a complex SPP wavevector associated with incident
(j = 1) or refracted (j = 2) waves. A 2-D medium refractive
index may be defined based on the standard SPP dispersion
relation:
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where ϵj = ϵj(ω) is the frequency-dependent permittivity of
metal j and ϵj

D is the permittivity of the dielectric material above
it. While eq 2 assumes a semi-infinte metal bound by a semi-
infinite dielectric, the following analysis is also valid for SPPs on
finite films, where the medium refractive index may be inferred
from calculation of multilayer waveguide modes.34 The incident
(ordinary) SPP wavevector is

ω η κ= + ̂
c

k e( i )1 1 1 (3)

where e ̂ = sin(θ1)x ̂ + cos(θ1)y ̂ is a unit vector indicating the
propagation direction. The lines of constant phase and
amplitude for E1 are parallel and e ̂ is normal to these lines,
meaning E1 is a homogeneous wave. The refracted SPP (or
ISPP) is allowed to be inhomogeneous: its lines of constant

phase and amplitude are not necessarily parallel. The ISPP
wavevector is thus assumed to be

ω= ̂ + ̂
c

N Kk a b( i )2 2 2 (4)

where a ̂ = sin(θ2)x ̂ + cos(θ2)y ̂ is a unit vector normal to the
lines of constant phase, b̂ = sin(ϕ2)x ̂ + cos(ϕ2)y ̂ is a unit vector
normal to the lines of constant amplitude, and the effective
indices N2 and K2 depend on refractive indices η2, κ2, η1, and κ1
and incident angle θ1. The boundary conditions and wave
equation determine N2 and K2 in terms of the known
quantities. The SPP phases kj·r must be continuous at the y
= 0 interface, implying

η θ θ= Nsin( ) sin( )1 1 2 2 (5)

θ ϕ=k Ksin( ) sin( )1 1 2 2 (6)

We refer to eqs 5 and 6 as a complex generalization of Snell’s
law because they determine the angles of refraction of the real
and imaginary parts of the ISPP wavevector. To determine N2
and K2, inserting E2 of the form eq 1 into the usual second-
order electromagnetic wave equation gives
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which is satisfied if

η κ− = −N K2
2

2
2

2
2

2
2

(8)

and

θ ϕ η κ− =N K cos( )2 2 2 2 2 2 (9)

Using eqs 5 and 6, eq 9 is equivalent to
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where α1 = η1 sin(θ1) and β1 = κ1 sin(θ1). Squaring both sides
of eq 10 gives a quartic equation for N2, which has one physical
(positive real) solution,

= +N a b
1
22 (11)
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Figure 1. (a) Diagram of SPP refraction. The incident, ordinary SPP on metal 1 propagates with direction e ̂ being associated with both the real and
imaginary parts of its wavevector. The wavevector of the refracted ISPP on metal 2 has direction a ̂ associated with its real part and direction b ̂
associated with its imaginary part. (b) 2-D effective medium picture of the refraction in the x−y plane of (a).
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Once N2 is known, K2 may be determined readily using eq 8; θ2
and ϕ2 are then found from the CSL, eqs 5 and 6.
For normal incidence (θ1 = 0) the CSL leads to N2 = η2, K2 =

κ2, and θ2 = ϕ2, i.e., a refracted SPP in medium 2 that is an
ordinary SPP; otherwise, there are two new features. The first
new feature is that θ2 ≠ ϕ2, which is to say the waveform is
inhomogeneous, meaning it loses amplitude along a different
direction than its propagation direction. This property can
introduce lateral confinement to an ISPP. The second new
feature is that N2 ≠ η2 and K2 ≠ κ2; that is, the medium 2 ISPP
refractive index components and, thus, dispersion are not the
same as those for an ordinary SPP in medium 2. In fact, eq 11
implies that ISPP dispersion curves contain information about
the angle of incidence of the medium 1 SPP, as well as the
medium 1 dispersion. This represents a kind of memory effect,
which we term dispersion imprinting. A similar memory effect
is known to occur when ordinary 3-D waves in a dielectric
medium are refracted into an absorbing medium.30 We will also
see that the values of N2 and K2 both can be larger than those
for ordinary SPPs, where the former implies that the ISPP can
have smaller wavelengths and greater momentum than an
analogous ordinary SPP. Importantly, while K2 is often larger
than κ2, the propagation length of the ISPP will not be shorter
than the analogous ordinary SPP, but can show significant
lateral confinement related to the magnitude of K2.
The ISPP propagation length (LP) is the distance, measured

along the propagation direction, that the ISPP propagates when

the intensity decays to |E|0
2/e. For an ordinary (homogeneous)

SPP in medium 2, LP = 1/(2k0κ2), where k0 is the free-space
wavevector of the exciting light; k0 = 2π/λ0. For an ISPP, this
distance is measured along a ̂ and is given by LP = 1/(2k0K2

cos(θ2 − ϕ2)). Utilizing eq 9, the ratio of the ISPP propagation
length to an ordinary SPP propagation length is simply N2/η2,
and so if N2 > η2 there will be propagation length enhancement.
We define a confinement length (LC) as the distance in the
direction perpendicular to propagation over which the ISPP
intensity decays to |E|0

2/e, or LC = 1/(2k0K2 sin(θ2 − ϕ2)). A
more confined SPP has a shorter confinement length. In the
event of propagation length enhancement, K2 itself will be
larger than κ2; hence propagation length enhancement can also
be associated with strong confinement of the ISPP.
The above analysis concerns the form of the ISPP, which can

be viewed as a refracted (or transmitted) wave. One can also
consider appropriately adapted Fresnel equations for 2-D SPP
propagation and infer reflection and transmission amplitudes in
a manner similar to considerations of Chang and co-workers.33

This allows one to estimate the efficiency of ISPP generation.
See the Supporting Information for more information.
Consider Au for metal 1 and Ag for metal 2 with air as the

dielectric above each metal, with an incident SPP excited on Au
with λ0 = 532 nm light. We take ϵ1 = −4.762 + 2.378i and ϵ2 =
−11.825 + 0.374i,35 which gives medium refractive indices η1 =
1.092, κ1 = 0.057, η2 = 1.045, and κ2 = 0.0015. When θ1 = 25° is
considered, CSL predicts θ2 = 26° and ϕ2 = 112° (see
Supporting Information, Figure S4; ϕ2 can be larger than 90°).

Figure 2. Field profiles of incoming SPP (below white dashed line) excited on Au by 532 nm light with θ1 = 25° refracting onto an Ag surface (above
white dashed line). Air is assumed to be above both surfaces. (a and b) Analytical (CSL) and FDTD electric field intensities, respectively. (c and d)
Analytical and FDTD instantaneous electric field components, respectively. The FDTD results are x−y cuts taken at a z level 120 nm above metal
surfaces and are associated with the z component of the electric field. The propagation and decay direction of the incident SPP is denoted by the
vector e,̂ the propagation direction of the ISPP is denoted by the vector a,̂ and the decay direction of the ISPP is denoted by the vector b̂ in panel
(b).
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The CSL electric field intensity, |Ez|
2, and instantaneous field

map, Re(Ez), are shown in Figure 2a and c, respectively. To
validate these predictions, we use rigorous 3-D finite-difference
time-domain (FDTD) calculations36,37 to simulate the
refraction phenomena and plot |Ez|

2 and Re(Ez) in Figure 2b
and d, respectively. (Other FDTD field components give
similar results; see Supporting Information for more details on
FDTD simulations.) The FDTD results show a high degree of
similarity in the ISPP wavelength, propagation direction, and
attenuation behavior with that predicted by CSL. Values of the
simulated electric field intensity are sampled along the
propagation direction (a)̂ and fit an exponential to allow
accurate inference of LP (see Supporting Information, Figure
S1). The FDTD fields do differ from the CSL ones in that there
is a fast decay of the FDTD field in the upper left region of
Figure 2b and d. This is simply due to the finite size of the
excitation source used in the simulations (see Supporting
Information). One can also see interference fringes in the
FDTD results due to interference of incident and reflected
waves.
The ISPP propagation length as determined by rigorous 3-D

electrodynamics calculation is approximately 28 μm, compared
to 27 μm from analytical predictions using the CSL. The
FDTD instantaneous field allows us to infer a propagation
direction of 27°, compared to the CSL prediction of 26°. It
turns out that such propagation lengths (in this case) are not
significantly different from those of ordinary SPPs on silver.
However, there is significant lateral confinement compared to
an ordinary SPP. We extract LC, which is a measure of this
confinement, by sampling the electric field intensity along the
direction perpendicular to a.̂ We find LC of the ISPP is 1.1 μm
as determined by FDTD calculation, which agrees closely with
the CSL prediction of 1.7 μm (see Supporting Information,
Figure S1). Note that an ordinary SPP in this medium would
propagate with no such confinement lateral to the propagation
direction. Analysis of the FDTD lines of constant amplitude
allows us to infer an attenuation direction of 115°, similar to the
CSL prediction of 112°. In this first example, ϕ2 is much larger
than θ2; that is, the direction of the amplitude decay is nearly
normal to the propagation direction. Regarding the effective
indices in medium 2, it turns out that K2 = 0.0252, which is

significantly larger than the medium value of κ2 = 0.0015, but
that N2 ≈ η2 = 1.045.
An additional example where SPPs excited on gold refract at

an interface with aluminum is considered across a spectrum of
frequencies to map out the dispersion of the resulting ISPP.
Specifically, we consider SPPs excited on the surface of gold
coated with TiO2 that generate ISPPs by refraction at the
interface with an aluminum surface coated with glass. We
assume that ϵTiO2

= 4.0 and ϵGlass = 2.25. Here, the effects of
dispersion imprinting are particularly evident, as the back-
bending features of gold’s dispersion are transferred to the
plasmons propagating on aluminum, leading to a significant
increase in N2 relative to η2 at moderate to large incident
angles. Mapping out the real part of the propagation vector,
(ω/c)N2, with θ1 = 50° shows a startling departure from the
ordinary Al/glass result (see Figure 3). The ordinary Al/glass
dispersion is relatively featureless; the wavevector increases
uniformly with ω. The dispersion of the ISPP shows markedly
different features, including a dramatic slowing of group
velocity in the frequency range between 1.5 and 2 eV and a
back-bending region between 2 and 3 eV. These features mirror
dispersion characteristics of SPPs on the gold/ϵ2

D = 4 medium
(see Figure S3). To see the relationship between the details of
the incident SPP and the dispersion of the ISPP more clearly,
we note that η2

4 can be factored out of b in eq 11 so the root can
be written as N2 =

1/2(a + η2
2(1 + f)1/2)1/2. Expanding (1 + f)1/2

to first order gives
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It is interesting to note that the terms involving α1 (β1) can
make strong contributions to N2 when θ1 is large and η1 (κ1) is
large. Both η1 and κ1 tend to be large in the vicinity of the
surface plasmon resonance (SPR) of material 1, which in terms
of the SPP dispersion is associated with the back-bending or
anomalous dispersion region6 (see Figure 3). Back-bending
features can be encoded from material 1 to material 2 in
general, but they will often be associated with high loss.
Recalling the definitions of LP and LC, we observe that any
additional loss imparted by refraction leads to greater

Figure 3. (a) Dispersion of the ISPP generated on aluminum (dashed red curve) by refraction of an ordinary gold SPP (dashed blue curve)
compared to the dispersion of an ordinary aluminum SPP (black curve), illustrating a strong dispersion imprinting effect. (b) Plot of dominant terms
in the approximate expansion of N2

2 given in eq 12 for the Al ISPP dispersion.
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confinement of the ISPP and not additional attenuation in the
propagation direction. We illustrate a particular refraction using
780 nm light and an incident angle of 50° that leads to a
phenomenon that resembles total internal reflection (see
Supporting Information, Figure S2). In fact, TIR-like refraction
of SPPs has been experimentally demonstrated in other
works.23,24 The TIR-like ISPP can be thought of as an opposite
extreme of the ISPP generated by refraction of the gold SPP
onto silver at 532 nm illustrated in Figure 2. The SPP illustrated
in Figure 2 has a small value for θ2 and a large value of ϕ2,
whereas an SPP near the TIR extreme has a large value of θ2
and a small value of ϕ2. Because of the frequency dependence
of η and κ, one can achieve a multitude of refraction scenarios
spanning these extremes for a single system of interfaced
metals.
The coupling of light into SPPs at frequencies near or above

the back-bending region in gold is extremely inefficient using
standard Kretschmann−Raether excitation configurations, as
can be seen with analytical calculation of the complex
transmission amplitudes for thin gold films sandwiched
between air and glass.38 By contrast, SPPs can be excited on
silver surfaces in this frequency regime with relatively high
efficiency. We consider generating ISPPs on 50 nm thin gold
films by refraction of efficiently generated SPPs on 50 nm silver
films with an angle of incidence of 60 degrees over the spectral
range from approximately 2 to 3 eV, which encompasses gold’s
back-bending region. The dispersions of ordinary SPPs on 50
nm silver and gold films in this energy regime are plotted in
Figure 4 for comparison with the ISPP dispersion on the gold

film generated refraction of a silver SPP with an incident angle
of 60 degrees. The dispersions of ordinary SPPs on 50 nm
silver and gold films are inferred from the appropriate
multilayer waveguide modes, calculated as described previ-
ously.34 The dispersion curves are color-coded by the SPP
electric field intensity for the ordinary SPPs and by the
estimated ISPP intensity on the metal−metal boundary based
on the transition probability (see Supporting Information
Section 1). This illustrates several key points about the novelty
of generating ISPPs by refraction. We can clearly see that the
ordinary gold dispersion crosses the light line at approximately
2.8 eV, indicating that SPPs cannot be excited at or above this

energy. Modes in this energy regime are termed Brewster
modes and are not true surface waves.6 In contrast, the ISPP
gold dispersion does not cross the light line; hence the energy
range of surface waves allowable on gold has been extended due
to the effect of dispersion imprinting by the conversion of a
Brewster mode to an ISPP mode.
Regarding experimental validation of the ISPP features we

predict in this article, it is important to remember that ISPPs
cannot be excited in the same manner as ordinary SPPs. Rather,
such ordinary SPPs must be first generated, and it is their
refraction at a metal−metal interface that creates ISPPs. Near-
field optical microscopy (NSOM)6 could be used to observe
the unique intensity patterns of ISPPs generated in such a
fashion, although there is always a concern about how the
NSOM probe affects the field intensities, and such experiments
can be time-consuming and challenging. We conclude by
suggesting an experimentally simpler approach of observing
ISPPs, based on leakage radiation,26,27 that also allows for
quantification of ISPP dispersions.
First consider the example of Kretschmann−Raether

excitation of ordinary silver SPPs on the silver portion of a
silver (metal 1)−gold (metal 2) SPP. We take the substrate to
be glass (n = 1.5) and the dielectric above each metal to be air
(n = 1). Light is incident on the metal surfaces from the glass
below them, making an angle χ1 with the normal to the metal
surfaces. If χ1 and the incident wavelength, λ0 = 2π/k0, are
consistent with the momentum matching condition for silver
SPPs, 1.5k0 sin(χ1 = χKR) = k0η1, then silver SPPs will be
excited. (The observed reflectance back into the glass typically
shows a strong dip as χ1 passes through χKR.) Because gold and
silver SPPs have very different dispersion relations, no ordinary
gold SPPs will be created in this scenario. As the silver SPPs
propagate, they leak radiation into the glass side, which can be
observed in the far-field, with wavevectors directed along the
same characteristic angle χKR; hence measuring the angle of the
leakage radiation is analogous to measuring the SPP
momentum.26,27 These silver SPPs also refract at the metal−
metal interface, generating ISPPs propagating on gold. The
ISPPs will also emit leakage radiation but at an angle χ2 =
sin−1(N2/1.5) characteristic of the ISPP dispersion. The angle
χ2 will, in general, be different from the angles associated with
leakage radiation from ordinary silver or gold SPPs.
Furthermore, this angle depends in a predictable way on the
incident angle of the exciting SPP, θ1, at the metal−metal
interface. Note that ISPP leakage radiation is characterized by
not only its out-of-plane angle, χ2, but the in-plane refraction
angle (arising from the CSL), θ2.
The scenario described above is still experimentally

challenging because ISPP leakage radiation will appear in a
relatively small spot in 3-D space reflective of both χ2 and θ2
discussed above. (The finite-sized spot is due to the finite
spatial width of the incident laser beam.) A simpler
experimental approach, utilizing the same basic ideas, involves
an oil immersion microscope objective positioned below the
glass substrate and sample, which can be used both to excite
ordinary SPPs and to collect the resulting reflected light and
SPP and ISPP leakage radiation. Further details and an
illustration of such an experiment are given in the Supporting
Information.
We have shown that ISPPs can exhibit several unusual

features, which were validated using 3-D electrodynamics
simulations. In particular, the nature of ISPPs is that their
propagation and decay directions are no longer the same as

Figure 4. Dispersion of ordinary SPPs on silver, gold, and ISPPs on
gold excited by ordinary SPPs on silver with an angle of incidence of
60°. Color coding indicates the natural log of the electric field intensity
of SPPs calculated as described in the Supporting Information, Section
1.
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they are for ordinary SPPs. It is then possible to introduce
significant confinement that is almost perpendicular to the
propagation direction. The ability to create these waveforms
could have important impacts for advanced imaging applica-
tions, for instance, in providing lateral subdiffraction capabilities
to technologies like total internal reflection fluorescence
microscopy, which is currently capable of super-resolution
only in the axial dimension.39 A further consequence is that the
ISPPs obey unique dispersion relations that depend on the
supporting medium as well as the incident medium. We also
suggested an experimental approach to observing ISPPs. The
theory should be applicable to more complicated structures
such as the layered waveguide modes described by Atwater and
co-workers for the measurement of negative refraction in the
visible spectrum;25 such structures might provide an alternative
for an experimentally realizable system for observing ISPPs.
Although we do not discuss this application in detail, FDTD
simulations demonstrate SPP focusing can be achieved using a
metal region acting as a plasmonic lens (see Supporting
Information, Figure S7). The focusing through refraction of
such a lens could allow the generation of tightly confined and
controlled SPP modes without loss of propagation length,
which could also have applications both in super-resolution
imaging and in optical information transfer. Optical switching
devices could also be constructed using incident angle or
superstrate dielectric constant as a knob to induce a dramatic
change in the propagation behavior of the ISPP. Similarly, the
unique dependence of the refracted wave on the dielectric
properties of the incident medium may also prove useful in
sensing applications.
Finally, we note that the ideas developed here could offer

novel and powerful strategies for engineering the dispersions of
surface waves in general. The CSL formulas derived herein are
generally applicable or extendible to other guided waves with
complex wavevectors traveling across heterogeneous surfaces.
For example, such analysis could open up avenues for
engineering the dispersion and propagation properties of
surface phonon polaritons, guided surface modes in meta-
material structures, and surface magnons in materials with
different magnetic domains.
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